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Abstract Let F be a monad in the category Comp of compact Hausdorff spaces and con-
tinuous maps. An abstract convexity was constructed by Radul for each F-algebra of the
monad F in the category Comp. It was proved that if the convexity of the monad F with
some additional properties is binary then F has good topological properties, in particular,
FX is an absolute extensor in the class of 0-dimensional spaces for each openly generated
compactum X. We show in this paper that binarity is also a necessary condition.
Keywords Monad · Convexity · Binarity · Absolute extensor in the class of 0-dimensional
compacta
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1
The notion of convexity considered in this paper is considerably broader than the classical
one; specifically, it is not restricted to the context of linear spaces. Such convexities appeared
in the process of studying different structures like partially ordered sets, semilattices, lat-
tices, superextensions etc. We base our approach on the notion of topological convexity of
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In [13], a certain categorical connection between topological-algebraic structures and
convexities was found. Many topological constructions are functorial; they are defined not
only for spaces but for maps as well. Certain functors in categories of topological spaces and
continuous maps have also natural algebraical structures. Such structures can be described
by the notion of monad (or triple) structure in the sense of S.Eilenberg and J.Moore and
their corresponding category of Eilenberg-Moore algebras [3].
Many classical constructions lead to monads: hyperspaces, spaces of probability mea-
sures, superextensions etc. (See for example the survey [12] or the book [18]). A number
of authors consider certain convexity structures to investigate monads. The linear con-
vexity corresponds to the probability measure monad [17]. Certain non-linear convexities
correspond to the superextension monad [7], the inclusion hyperspace monad [16] and
the idempotent measure monad [22]. A convexity structure on each F-algebra for any
monad F in the category of compact Hausdorff spaces and continuous maps was intro-
duced in [13]. These convexities are preserved by F-algebra morphisms. Let us remark
that our general construction of convexities includes the above mentioned convexi-
ties for probability measures, superextension, hyperspaces of inclusion and idempotent
measures.
Let us consider two classical theorems about topological properties of the probability
measure functor P and the superextension functor λ.
Theorem 1.1 (Ditor, Haydon [1]) For a compactum X the space of probability measures
PX is an absolute retract if and only if X is an openly generated compactum with weight
≤ ω1.
Let us remark that in [1] the above theorem was formulated for Dugundji spaces but
it is known that each openly generated compactum of weight ≤ ω1 is a Dugundji space
[20, Th. 5].
Theorem 1.2 (Ivanov [8]) For a compactumX the superextension λX is an absolute retract
if and only if X is an openly generated continuum.
The notion of absolute retract (shortly AR) coincides with the notion of absolute extensor
(shortly AE) in the class of compacta (see for example [11]). The notion of absolute exten-
sor in the class of 0-dimensional compacta (shortly AE(0)) is considerably broader than the
notion of absolute extensor. For example, the Cantor cubeDτ is AE(0) but certainly not AE.
However, these notions are equivalent in the realm of linear convexity. Each (linearly) con-
vex compactum is AE if and only if it is AE(0) [5]. Since the compactum PX is convex, we
have that PX is not even AE(0) for any compactum X with weight ≥ ω2. But we have that
λX is AE(0) for each openly generated compactum X [9]. This difference between prop-
erties of functors one can explain in terms of properties of the corresponding convexities.
The convexity generated by the superextension has the binarity property, which the linear
convexity does not have. It was shown in [13] that each monad which generates a binary
convexity has good topological properties. More precisely, Theorem 3.3 of [13] states that
for each binary L-monad F which weakly preserves preimages (we also assume that the
functorial part F of the monad F preserves monomorphisms, intersections and one-point
spaces) and for each compactum X such that FX is an openly generated compactum, each
map f : FX → Y with F-convex fibers is 0-soft provided f is open. If we put Y = {∗}
we obtain that for each binary L-monad F which weakly preserves preimages FX is AE(0)
provided FX to be an openly generated compactum. Let us remark that it is enough for X
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to be openly generated compactum in case when the functor F is open (i.e. preserves open
maps).
The main aim of this paper is to show that the binarity property is also necessary: if
FPDω2 is AE(0) (for a monad F with some additional natural properties) then the cor-
responding convexity is binary (where PDω2 is the space of probability measures of the
Cantor cube of the weight ω2). Let us remark that PDω2 is an openly generated compactum
(P is an open functor [2]) which is not AE(0) by Theorem 1.1.
The paper is organized as follows. In Section 2 we recall necessary definitions and the
construction of an abstract convexity for a monad of [13]. In Section 3 we obtain a certain
sufficient condition for a monad to be binary and in Section 4 we obtain the main result.
2
By Comp we denote the category of compact Hausdorff spaces (compacta) and continuous
maps. Let X be a compactum. We denote by C(X) the Banach space of all continuous
functions ϕ : X → R with the usual sup-norm: ‖ϕ‖ = sup{|ϕ(x)| | x ∈ X}. In what
follows, all spaces and maps are assumed to be in Comp except forR and maps in sets C(X)
with X compact Hausdorff.
The family C of closed subsets of X is called a convexity on X if C is stable under
intersection and contains X and the empty set. The elements of C are called C-convex. Let
us remark that we modify the definition of [21]. We consider only closed convex sets. A
convexity in the sense of [21] can be obtained as the collection of all unions of up-directed
families of sets in C.
We need some definitions concerning monads and algebras (see [10] for more details).
We define them only for the category Comp.
A monad T = (T , η, μ) in the category Comp consists of an endofunctor T : Comp →
Comp and natural transformations η : IdComp → T (unity), μ : T 2 → T (multiplication)
satisfying the relations μ◦T η = μ◦ηT = 1T and μ◦μT = μ◦T μ. (By IdComp we denote
the identity functor on the category Comp and T 2 is the superposition T ◦ T of T .)
Let T = (T , η, μ) be a monad in the category Comp. A pair (X, ξ), where ξ : TX → X
is continuous map, is called a T- algebra if ξ ◦ ηX = idX and ξ ◦ μX = ξ ◦ T ξ .
Let (X, ξ) be an F-algebra for a monad F = (F, η, μ) and A be a non-empty closed
subset of X. Denote by fA the quotient map fA : X → X/A (the classes of equivalence
are the one-point sets {x} for x ∈ X \ A and the set A) and put a = fA(A). Denote
A+ = (FfA)−1(η(X/A)(a)). (Let us remark that the set A+ ⊂ FX could be define for
each closed subsetA of any compactumX, without additional requirement onX to be an F-
algebra). It is easy to check that A+ ⊂ B+ for each pair of closed subsets ofX with A ⊂ B.
Define the F-convex hull CF(A) of A by CF(A) = ξ(A+). Put additionally CF(∅) = ∅. We
define the family CF(X, ξ) = {A ⊂ X|A is closed and CF(A) = A}. The elements of the
family CF(X, ξ) are called F-convex. It was shown in [13] that the family CF(X, ξ) forms a
convexity on X.
3
We recall and investigate the property of binarity for a monad. Let S be a family of subsets
of a set X. We say that S is linked if the intersection of each pair of elements of S is non-
empty. S is called binary if the intersection of every linked subsystem is non-empty. We call
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a monad F binary if CF(X, ξ) is binary for each F-algebra (X, ξ). We shall find a certain
sufficient condition for a monad F = (F, η, μ) to be binary.
Proposition 3.1 Let S be a closed under intersection family of subsets of a set X such that
each linked subfamily consisting of 3 elements has non-empty intersection. Then each finite
linked subfamily of S has non-empty intersection.
Proof Let C be a finite linked subfamily of S . Let us use induction on cardinality of C,
starting from 3. For |C| = 3 the statement is trivial. Assume that our statement is true for
each subfamily C with |C| ≤ n ≥ 3. Consider a linked subfamily C = {C0, C1, . . . , Cn}
and define a family C ′ = {C0 ∩ C1, . . . , C0 ∩ Cn}. Since each 3-element subfamily of C
has non-empty intersection, we have that the family C ′ is linked, hence it has non-empty
intersection by induction assumption. But ∩C = ∩C ′ and the proposition is proved.
Lemma 3.2 Let f : X → Y be a continuous map. Then Ff (B+) ⊂ (f (B))+ for each
closed subset B ⊂ X.
Proof Let χB : X → X/B be the quotient map. Put b = χB(B). Let χf (B) : Y → Y/f (B)
be the quotient map and put b′ = χf (B)(f (B)). There exists a unique map f ′ : X/B →
Y/f (B) such that f ′ ◦ χB = χf (B) ◦ f . Let us remark that the map f ′ is continuous and
f ′(b) = b′. Consider any ν ∈ Ff (B+). Then there exists μ ∈ B+ such that Ff (μ) = ν.
Since μ ∈ B+, we have F(χB)(μ) = η(X/B)(b). Since η is a natural transformation, we
have Ff ′ ◦F(χB)(μ) = η(Y/f (B))(b′). On the other hand Ff ′ ◦F(χB) = F(χf (B))◦Ff ,
hence F(χf (B))(ν) = η(Y/f (B))(b′) and ν ∈ (f (B))+.
We say that a functor F preserves one-point preimages iff for each continuous map h :
X → Y and each y ∈ Y with h−1(y) = {x} we have (Fh)−1(ηY (y)) = {ηX(x)}.
Lemma 3.3 Let f : X → Y be a continuous map and a functor F preserves one-point
preimages. Then we have (Ff )−1(A+) = (f−1(A))+ for each closed A ⊂ Y such that
f−1(A) = ∅.
Proof Let χA : Y → Y/A be the quotient map. Put a = χA(A). Let χf−1(A) : X →
X/f−1(A) be the quotient map and put a′ = χf−1(A)(f−1(A)). There exists a unique map
f ′ : X/f−1(A) → Y/A such that f ′ ◦ χf−1(A) = χA ◦ f . Let us remark that the map f ′ is
continuous and (f ′)−1(a) = {a′}.
Consider any ν ∈ (f−1(A))+. Then we have F(χf−1(A))(ν) = η(X/f−1(A)(a′). Since
η is a natural transformation, we have Ff ′ ◦ F(χf−1(A))(ν) = η(Y/A)(a). Since Ff ′ ◦
F(χf−1(A)) = F(χA) ◦ Ff , we have Ff (ν) ∈ A+, hence ν ∈ (Ff )−1(A+).
Now let ν ∈ (Ff )−1(A+). Then we have Ff ′ ◦ F(χf−1(A))(ν) = F(χA) ◦ Ff (ν) =
η(Y/A)(a). Since F preserves one-point preimages and (f ′)−1(a) = {a′}, we have
F(χf−1(A))(ν) = η(X/f−1(A)(a′), hence ν ∈ (f−1(A))+.
It is easy to see that {a}+ = {ηY (a)} for each a ∈ Y . Hence we obtain the following
corollary considering one-point set in the previous lemma.
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Corollary 3.4 Let f : X → Y be a continuous map and a functor F preserves one-
point preimages. Then we have (Ff )−1(ηY (a)) = (f−1(a))+ for each a ∈ Y such that
f−1(a) = ∅.
A compactum X is called 0-dimensional if X has a base consisting of open-and-closed
sets. For each finite open cover {U1, . . . , Un} of a 0-dimensional compactum X there exists
a finite open cover {V1, . . . , Vn} such that Vi ⊂ Ui for each i ∈ {1, . . . , n} and Vi ∩Vj = ∅
provided i = j . Let us remark that sets Vi are closed as well. (See [4] for more information
about 0-dimensional spaces).
Let us remark that the epimorphisms in the category Comp are exactly the continuous
surjections.
Theorem 3.5 Let F = (F, η, μ) be a monad such that F preserves epimorphisms and one-
point preimages. If there exist a compactum X and a linked system {A1, A2, A3} of closed
subsets of X such that
⋂3




i = ∅, then F is binary.
Proof Consider any F-algebra (Y, ξ) and a linked family B ⊂ CF(Y, ξ). We will show that
∩B = ∅. Since Y is compact, it is enough to consider B = {B1, B2, B3} by Proposition 3.1.
We can choose a 0-dimensional compactum Z and a continuous surjective map h : Z → X.
Then the family {h−1(Ai)|i ∈ {1, 2, 3}} is a linked family with empty intersection. Since
the compactum Z is 0-dimensional, we can write Z = ⋃3i=1 Vi where the sets Vi are closed,
pairwise disjoint, Vi ⊃ ⋂j∈{1,2,3}\{i} h−1(Aj ) and Vi ∩ h−1(Ai) = ∅.
We can choose a continuous map f : Z → Y such that f (Vi) ⊂ ⋂j∈{1,2,3}\{i} Bj
for each i ∈ {1, 2, 3}. Since ⋂3i=1 A+i = ∅ and F preserves epimorphisms, there exists
α ∈ ⋂3i=1(Fh)−1 (A+i ). We have ⋂3i=1(Fh)−1(A+i ) = ⋂3i=1(h−1(Ai))+ by Lemma 3.3.
Since h−1(Ai) ⊂ ⋃j∈{1,2,3}\{i} Vj , we have f (h−1(Ai)) ⊂ ⋃j∈{1,2,3}\{i} f (Vj ) ⊂⋃
j∈{1,2,3}\{i}
⋂
k∈{1,2,3}\{j} Bk ⊂ Bi for each i ∈ {1, 2, 3}. Then we obtain that

















The class of L-monads was introduced in [15] under another name and it contains
many well-known monads in Comp like superextension, hyperspace, probability mea-
sures etc (see also [14] for a similar notion). For ϕ ∈ C(X) by maxϕ (minϕ) we
denote maxx∈X ϕ(x) (minx∈X ϕ(x)) and by πϕ or π(ϕ) we denote the corresponding pro-
jection πϕ : ∏ψ∈C(X)[minψ,maxψ] → [minϕ,maxϕ]. It was shown in [15] that
for each L-monad F = (F, η, μ) one can consider FX as a subset of the product∏
ϕ∈C(X)[minϕ,maxϕ], moreover, we have πϕ ◦ ηX = ϕ, πϕ ◦ μX = π(πϕ) for all
ϕ ∈ C(X) and πψ ◦ Ff = πψ◦f for all ψ ∈ C(Y ), f : X → Y . We could consider these
properties of L-monads as a definition [15].
What follows we shall assume that each monad is an L-monad with some fixed inclusion
FX ⊂ ∏ϕ∈C(X)[minϕ,maxϕ]. We will use a simpler notation ν(ϕ) = πϕ(ν) for ν ∈ FX
and ϕ ∈ C(X). It is easy to check that for each closed subset A ⊂ X we have A+ = {ν ∈
FX | ν(ϕ) = c for each ϕ ∈ C(X) such that ϕ|A ≡ c for some c ∈ R}. Then the family
T. Radul
O = {O〈ϕ1, . . . , ϕk; c1, . . . , ck; ε〉 | k ∈ N, ϕi ∈ C(X), ci ∈ R such that ϕi |A ≡ ci and
ε > 0} forms a base of neighborhoods of A+, where O〈ϕ1, . . . , ϕk; c1, . . . , ck; ε〉 = {ν ∈
FX | |ν(ϕi) − ci | < ε for each i ∈ {1, . . . , k}}. Indeed, consider a closed subset B ⊂ FX
such thatB∩A+ = ∅. Then for each point β ∈ B there exist ϕβ ∈ C(X), εβ > 0 and cβ ∈ R
such that ϕβ |A ≡ cβ and |β(ϕβ) − cβ | > εβ . Put Vβ = {ν ∈ FX | |ν(ϕβ) − cβ | > εβ}.
Then Vβ is an open subset of FX such that β ∈ Vβ ⊂ FX \ A+. Since FX is compact, we
can choose β1, . . . , βk ∈ B such that ∪i∈{1,...,k}Vβi ⊃ B. Put ε = min{εβi | i ∈ {1, . . . , k}}.
Then A+ ⊂ O〈ϕβ1 , . . . , ϕβk ; cβ1 , . . . , cβk ; ε〉 ⊂ FX \ B.
Lemma 4.1 Let F = (F, η, μ) be an L-monad which is not binary and such that F pre-
serves epimorphisms and one-point preimages. Let X be a compactum, C be a non-empty
closed subset of X and U be an open neighborhood of C. Let {(Aα;Bα) | α ∈ } be a fam-
ily of pairs of closed subsets of X such that ∅ = Aα ∩ Bα ⊂ X \ U for each α ∈ . Then
there exists an open subset V ⊂ FX such that C+ ⊂ V and A+α ∩ B+α ⊂ FX \ V for each
α ∈ .
Proof Choose a 0-dimensional compactum Y and a surjective map f : Y → X. Since Y is
0-dimensional, we can choose for each α ∈  non-empty closed, pairwise disjoint subsets
Y1, Yα2 and Y
α
3 of Y (Y1 does not depend on α) such that Y \ f−1(C) ⊃ Y1 ⊃ f−1(X \ U),
Yα2 ⊃ f−1(Aα) \ Y1, Yα3 ⊃ f−1(Bα) \ Y1 and Y1 ∪ Yα2 ∪ Yα3 = Y . For α ∈  consider the
continuous map hα : Y → {1, 2, 3} defined as follows: hα(Y1) = {1}, hα(Y α2 ) = {2} and
hα(Y
α
3 ) = {3} (we consider {1, 2, 3} with the discrete topology).
Since F is not binary, we have {1, 2}+ ∩ {2, 3}+ ∩ {1, 3}+ = ∅ by Theorem 3.5. Since
{1, 2}+ ∩ {1, 3}+ is a closed subset in F {1, 2, 3}, there exist ε > 0, c1, . . . , ck ∈ R and
functions ψ1, . . . , ψk ∈ C({1, 2, 3}) such that ψi(2) = ψi(3) = ci and for each ν ∈
{1, 2}+ ∩ {1, 3}+ there exists i ∈ {1, . . . , k} such that |ν(ψi) − ci | ≥ ε.
Let us remark that for each α, β ∈  and i ∈ {1, . . . , k} we have ψi ◦ hα = ψi ◦ hβ .
Hence for each i ∈ {1, . . . , k} there exists ϕi ∈ C(Y ) such that ϕi = ψi ◦hα for each α ∈ .
Put Di = {μ ∈ FY | |μ(ϕi) − ci | ≥ ε} and V = FX \ (∪ki=1Ff (Di)).
Consider any α ∈  and ν ∈ A+α ∩B+α . Since F preserves epimorphisms, there existsμ ∈
FY such that Ff (μ) = ν. Then we have μ ∈ (f−1(Aα))+ ∩ (f−1(Bα))+ by Lemma 3.3.
Since f−1(Aα) ⊂ Y1 ∪ Yα2 and f−1(Bα) ⊂ Y1 ∪ Yα3 , we obtain μ ∈ (Y1 ∪ Yα2 )+ ∩
(Y1 ∪ Yα3 )+. Hence Fhα(μ) ∈ {1, 2}+ ∩ {1, 3}+ by Lemma 3.2. Then there exists i ∈{1, . . . , k} such that ε ≤ |Fhα(μ)(ψi) − ci | = |μ(ψi ◦ hα) − ci | = |μ(ϕi) − ci | and
ν ∈ Ff (Di) ⊂ FX \ V .
Now, consider any ν ∈ C+ and any μ ∈ FY such that Ff (μ) = ν. By Lemma 3.3,
μ ∈ (f−1(C))+ ⊂ (Y α2 ∪ Yα3 )+ for each α ∈ . By Lemma 3.2 Fhα(μ) ∈ {2, 3}+. Hence
ci = Fhα(μ)(ψi) = μ(ϕi) for each i ∈ {1, . . . , k} and ν ∈ FX \ (∪ki=1Ff (Di)) = V . The
lemma is proved.
We will need certain information about inverse systems and spectral methods developed
by Shchepin to study topology of non-metrizable compacta (see [19] for more details).
Suppose that A is a partially ordered up-directed set. A subset B of A is said to be closed
if for each chain C in B we have supC ∈ B whenever supC exists in A. An up-directed
set A is called τ -complete (where τ is an infinite cardinal) if for every chain B in A with
|B| ≤ τ there exists an element supB in A. A continuous inverse system S = {Xα, pβα ,A}
is called a τ -system if its index set A is τ -complete and if the spaces Xα , α ∈ A, have
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weight ≤ τ . By limS and by pα , α ∈ A, we denote the limit space of our system and the
natural limit projections from limS to Xα . The system S = {Xα, pβα ,A} with X = limS
is called factorizing if for each continuous function f : X → R there exist α ∈ A and a
continuous function fα : Xα → R such that fα ◦ pα = f . Each τ -system such that all Xα
are compacta is factorizing [19, Proposition 1.6].
We will use the following fact, which is a particular case of Shchepin Spectral Theorem
[19]. Let S = {Xα, pβα ,A} and L = {Yα, βα ,A} be two τ -systems where all Xα and Yα
are compacta and τ is an infinite cardinal. Then for each continuous map f : X → Y
between the corresponding limit spaces X = limS , Y = limL there exists a cofinal closed
subset B ⊂ A and a family {fβ : Xβ → Yβ}β∈B of continuous maps such that fβ ◦ pβ =
β ◦ f for each β ∈ B. Moreover, if f is a homeomorphism, we can assume that all fβ are
homeomorphisms.
A functor F is called continuous if it preserves the limits of inverse systems. Let us
remark that the probability measure functor P is continuous, preserves weights of infinite
compacta and epimorphisms (see [6] for more information about the functor P ).
A compactum X is called an absolute extensor in the class of 0-dimensional compacta
(shortly AE(0)) if for any 0-dimensional compact space Z, any closed subspace Y of Z and
any continuous map  : Y → X there exists a continuous map G : Z → X such that
G|Y = .
Theorem 4.2 Let F = (F, η, μ) be an L-monad such that F is continuous, preserves
weights of infinite compacta, epimorphisms and one-point preimages. If F(PDA) ∈ AE(0)
for a set A with |A| ≥ ω2, then the monad F is binary.
Proof Let F(PDA) ∈ AE(0) for a set A with |A| ≥ ω2. Firstly we introduce some nota-
tions. For any subsets A′′ ⊂ A′ ⊂ A we denote by πA′
A′′ : DA
′ → DA′′ and ρA′
A′′ : IA
′ → IA′′








: F(PDA′) → F(PDA′′). Let us





Consider any embedding i : F(PDA) → IA. Put A1 = ⊔α∈A Nα where each Nα = N.
Evidently |A1| = |A| and DA1 ∼= ∏α∈A DNα , thus we shall identify these two spaces. Let
sα : DNα → I be a continuous surjective map. Define a map k : DA1 → IA as follows:
k = ∏α∈A sα . Since F(PDA) ∈ AE(0), there exists a map f : DA1 → F(PDA) such that
i ◦ f (z) = k(z) for each z ∈ k−1(i(F (PDA)).
Let A = {C ⊂ A| cardC ≤ ω1} and put C1 = ⊔α∈C Nα for each C ∈ A. By kC :
DC1 → IC we denote the map k = ∏α∈C sα . Consider the following three inverse systems
{IC, ρCB ,A}, {DC1 , πC1B1 ,A} and {F(PDC), pCB ,A} over the directed setA. Evidently, the
first two systems are ω1-systems with the limit spaces IA and DA1 respectively. Since the
functors F and P are continuous and preserve weights of infinite compacta, the third system
is an ω1-system with the limit space F(PDA).
Consider the continuous map i : F(PDA) → IA. Consider the subfamily B1 ⊂ A








is commutative. Then by Shchepin Theorem discussed before B1 is a cofinal closed sub-
family of A. Moreover, considering the homeomorphism i′ : F(PDA) → i′(F (PDA))
and the ω1-system {ρC(i′(F (PDA))), ρCB |ρC(i′(F (PDA))),A} we can state that all iB are
topological embeddings.
Now consider the continuous map f : DA1 → F(PDA) and the subfamily B2 ⊂ A







is commutative. As before B2 is a cofinal closed subfamily of A.
Then the family B = B1 ∩ B2 is cofinal too. Moreover, following either the proof of
Lemma 2 from [1] or the proof of Shchepin theorem [19] (both are based on so-called
spectral search which makes countable number of steps) we can assume that for each infinite













is commutative. It is easy to check that we have iB ◦ fB(z) = kB(z) for each z ∈
k−1B (iB(F (PDA)).
Choose a set B ∈ B such that |B| = ω1. Choose any point a ∈ A \ B and countable
infinite subset F ⊂ B. Then there exists a countable set E ∈ B such that {a} ∪ F ⊂ E.
Then we have B \E = ∅ = E \B and B ∩E = C ∈ B where C is an infinite countable set.
Put T = {(μ, ν) ∈ F(PDB) × F(PDE)|pBC(μ) = pEC (ν)}. For each (μ, ν) ∈ T we have
ρBC ◦ iB(μ) = iC ◦pBC(μ) = iC ◦pEC (ν) = ρEC ◦ iE(ν). So, there is a (uniquely determined)
element z of IB∪E such that ρB∪EB (z) = iB(μ) and ρB∪EE (z) = iE(ν). We can define a
map j : T → IB∪E by the formula j (μ, ν) = z. It is easy to check that the map j is an
embedding.
Define a continuous map σ : DB1∪E1 → F(PDB) × F(PDE) by the formula σ =(




. Then for each t ∈ DB1∪E1 we have pBC ◦ fB ◦ πB1∪E1B1 (t) =
fC ◦ πB1C1 ◦ π
B1∪E1
B1
(t) = fC ◦ πB1∪E1C1 (t) = fC ◦ π
E1
C1




Hence σ(t) ∈ T .
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It is easy to check that we have j ◦ σ(z) = kB∪E(z) for each z ∈ k−1B∪E(j (T )).
Let us show that p is an open map. Consider any ν ∈ F(PDA) and K ⊂ T such that
p(ν) ∈ clK . We shall prove that ν ∈ cl(p−1(K)). Let (dα) be a net inK such that lim dα =
p(ν). Then the net (j (dα)) converges to j (p(ν)). Since the last diagram is commutative,
we have ρB∪E(i(ν)) = j (p(v)). Choose tα ∈ DB1∪E1 such that kB∪E(tα) = j (dα) for
each α. Since DB1∪E1 is compact, we can assume that tα converges to some t ∈ DB1∪E1 .
Then kB∪E(t) = j (p(v)) = ρB∪E(i(ν)) and we can choose z ∈ DA1 such that k(z) = i(ν)
and πB1∪E1(z) = t . Then f (z) = i−1(k(z)) = ν. Since the map πB1∪E1 is open, we can
assume that there exists a net (zα) which converges to z and πB1∪E1(zα) = tα for each α.
Put να = f (zα). Then the net να converges to ν. Since the last diagram is commutative,
we have p(να) = σ(tα). Since kB∪E(tα) = j (dα), we have σ(tα) = j−1(kB∪E(tα)) = dα .
Hence cl(p−1(K)) ⊃ cl{να}  ν and p is open.
Let us remark that the openness of the map p implies the openness of the map p1 :





Choose an accumulation point s0 ofDC , distinct points r0, r1 ∈ DB\C and t0, t1 ∈ DE\C .
Define a measure λ ∈ P(DB∪E) = P(DB\C × DC × DE\C) as follows:
λ = 1
2
(δ(r0, s0, t0) + δ(r1, s0, t1)).
Choose disjoint closed neighborhoods U0, U1 of r0, r1 in DB\C and W0, W1 of t0, t1 in
DE\C , and let V be the closed neighborhood of λ in P(DB∪E) defined by
V =
{




Define the map γ : P(DB∪E) → Q = {(μ, ν) ∈ PDB × PDE |P (πBC ) (μ) =










. Now γ (λ) = (μ, ν), where
μ = 1
2




(δ(s0, t0) + δ(s0, t1)).
For any point s ∈ DC \ {s0} put
μs = 1
2





(δ(s, t0) + δ(s0, t1)).
Since s0 is an accumulation point, we have (μ, ν) ∈ cl{(μs, νs) | s ∈ DC \ {s0}}. Consider




(λs) = 12 (δ(r0, s0) +
δ(r1, s)), we have λs = 12 (λ1s + λ2s ) where λ1s ∈ P({r0} × {s0} ×DE\C) and λ2s ∈ P({r1} ×
{s}×DE\C). Since P (πB∪EE ) (λs) = 12 (δ(s, t0)+ δ(s0, t1)), we have λ1s ∈ P({r0}× {s0}×
{t1}) and λ2s ∈ P({r1} × {s} × {t0}). Thus
λs = 1
2
(δ(r0, s0, t1) + δ(r1, s, t0)),












(νs) ∩ V = ∅ for each













(νs). Then we haveH+s ∩G+s =
p−11 (ηPDB(μs), ηPDE(νs)) by Corollary 3.4. Since p1 is open, we have ηPDB∪E(λ) ∈
cl(∪{H+s ∩ G+s | s ∈ DC \ {s0}}). Hence F is binary by Lemma 4.1 and the theorem is
proved.
Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
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